
VU Research Portal

Topics in Markov Chain Theory and Simulation Optimisation

Berkhout, J.

2016

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Berkhout, J. (2016). Topics in Markov Chain Theory and Simulation Optimisation. [PhD-Thesis - Research and
graduation internal, Vrije Universiteit Amsterdam]. Amsterdam Business Research Institute.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 23. May. 2023

https://research.vu.nl/en/publications/3a211c33-d07e-46a2-ac15-2f773182f8b8


7. RANKING NODES IN GENERAL
NETWORKS

This chapter is based on [30].

This chapter generalizes the random surfer approach of Google’s PageRank algorithm.
We will introduce the new concept of an extended ergodic projector of a Markov chain
and we will show how the extended ergodic projector allows for intuitive better ranking
of transient states. The approximation techniques from Chapter 5 and Chapter 6
are applied to ensure efficient evaluation of the new ranking methodology. Numerical
examples are provided to illustrate the effect of this new ranking approach.

This chapter is organized as follows. The research setting is introduced in Section 7.1.
Section 7.2 is devoted to the analysis of the limiting Google PageRank as d approaches
1 and to the development of an alternative parameter independent ranking. A real-life
numerical example is presented in Subsection 7.3 which illustrates practical impact.
Section 7.4 concludes the chapter.

7.1 Introduction

Today’s interconnected society creates the need to better analyse and study the under-
lying networks. Network analysis is widely used in the social and behavioural sciences,
as well as in economics, marketing, biology and security. Using techniques from, among
others, network and graph theory, network analysis provides insights and allows for
optimisation of resource allocation, e.g., targeting leaders in social networks, control
of growth of networks and controlling spread of virus infections. In this chapter we
introduce a ranking procedure for networks generalizing Google’s celebrated PageRank
to reducible networks. The ranking method provided in this chapter might pave the
way for developing control approaches for general networks.

Let G = (V,E) be an arbitrary digraph with S nodes and denote the adjacency
matrix of G by A, where A(i, j) = 1 if (i, j) is an edge in G and zero otherwise.
Let dout(i) denote the out-degree of node i, then we can construct from A a Markov
transition matrix P as follows:

P (i, j) =
{

1/dout(i) for dout(i) > 0 and (i, j) ∈ E,
0 else.

P may contain zero rows corresponding to dangling nodes, i.e., nodes with out-degree
zero, and in the following we consider the adjusted form of P which is obtained from P
by replacing the diagonal elements of all zero-rows by a 1 (i.e., making the corresponding
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state absorbing)1. For Google’s PageRank algorithm a Markov uni-chain transition
matrix Pd is constructed out of P through

Pd := Pd(v) = dP + (1− d)1v>, (7.1)

where damping factor d ∈ [0, 1), v is an arbitrary stochastic vector and 1 is a vector of
length S with all entries equal to 1. The vector v is called the personalization vector. A
specific choice for v is the uniform distribution denoted with u, u(i) = 1/S, 1 ≤ i ≤ S.
By construction, Pd constitutes an aperiodic Markov uni-chain. This construction
implies that Pd is ergodic, i.e., it has a unique ergodic projector ΠPd with

lim
n→∞

(Pd)n = ΠPd , (7.2)

where ΠPd has identical rows all equal to the unique stationary distribution of Pd,
denoted by π>Pd . The stationary distribution πPd is known as the PageRank score vector,
and it can be used to rank the nodes in the original digraph G. More specifically, let
π[i] denote the i-th order statistic (in descending order) of score vector π. Then the
j-th element of ranking r(π), denoted by rj(π), is given through π by

rj(π) = i ⇔ π(i) = π[j], 1 ≤ j ≤ S,

where we assume that ties are arbitrarily broken. Specifically for Google PageRank
(GP) it holds

rGP := r(πPd(v)),
i.e., rGP is a function of P , d and v.

The success of this method in ranking web pages is universally recognized. It has
also been used successfully in many other settings. The role of the damping factor d is
to balance the structure of the underlying digraph with the probability of choosing a
node at random (according to the probability distribution v) in the course of a random
walk on the graph. This leads to the bored random surfer interpretation of Pd: a
surfer browses infinitely long through the web, where the next website to be visited is
uniformly chosen from the available hyperlinks; the surfer becomes bored at geometric
rate 1− d and once bored continues with a v-based randomly chosen website. Then,
entry i of πPd expresses the relative frequency with which the surfer visits website i.
Carefully choosing the damping factor allows improved convergence speed in (7.2): the
smaller the value of d, the faster the convergence in general. On the other hand, larger
d means that the actual hyperlink structure is used to a larger extend. In practice,
d = 0.85 is often recommended. We will show in this chapter that letting d tend to 1
yields zero score for nodes that are arguably important. Moreover, as d→ 1, sensitivity
issues may arise as well, [129]. For more details on Google’s PageRank algorithm and
alternative approaches, see [130, 37, 58, 131, 143, 184, 20, 56] and in particular we would
like to refer to the recent literature review around Google’s PageRank algorithm by
[75]. Google’s PageRank falls into the broader class of centrality measures for networks,
see, e.g., [21]. For a recent mathematical classification of centrality measures see [38].

Our fundamental critique on the construction of Pd in (7.1) is the following:
1 Another common way is to replace the rows corresponding to nodes with out-degree of

zero with uniform distributions. But the author believes that making it dangling instead you
stay closest to the true network structure.
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• The construction of Pd is artificial and significantly affects the analysis. In
particular, an opaque weight trade-off is made between transient and ergodic
states.

• For significant values of the damping factor weak connections between clusters in
P might be wiped out, for example, the well-known social network phenomenon
of homophily is erased from P , thereby creating a false impression of connectivity.

In conclusion, ranking rGP is overshadowed by convex combination (7.1) and cannot
reflect the true interaction structure of the graph underlying P .

In [22] the weight trade-off issues between transient and ergodic states was also
identified. Using perturbation analysis they study the choice for d which satisfies certain
fairness criterion. In particular, backed by a numerical study they argue that a value
of d approximately equal to 1/2 can mitigate the weight trade-off issues for certain
instances, such as for the web and other large networks. By focusing on the true
underlying structure we will develop a ranking approach that circumvents having to
choose a value for d that might highly affect the outcome, see also [43].

In [85] a topic-sensitive PageRank approach is proposed that utilizes the person-
alization vector. However, the PageRank scores there need to be calculated for each
topic separately. The proposed structural way of ranking in this chapter requires only a
vector matrix multiplication to obtain a new personalized ranking.

Before the development of a new ranking approach in the following section first
some words about notation. Regarding Markov multi-chains with transition probability
matrix P the same notation is maintained as in Section 5.2 and Section 6.2. In particular,
for a Markov multi-chain with P , we assume the same canonical form and notation as
in (5.3) where ΠP denotes the ergodic projector. Further, DP denotes the deviation
matrix as given in (6.2). Throughout this chapter the i-th row and j-th column of a
matrix M are denoted with M(i, ·) and M(·, j), respectively.

Lastly, for our analysis we will use the following property of the deviation matrix
(see, e.g., [115]):

For two transient states t1 and t2 it holds that DP (t1, t2) yields the expected
number of visits to state t2 when starting in state t1.

Indeed, since PTT denotes the transient block in P (see also (5.3)) it follows from the
definition of DP that DPTT = ∑∞

n=0((PTT )n − ΠPTT ), and since ΠPTT = 0 by (5.3), the
(i, j)-th element of DPTT equals DPTT (i, j) = ∑∞

n=0(PTT )n(i, j), where (PTT )n(i, j) is
the probability that state j is reached after n steps when starting in state i.

7.2 Ranking for General Markov Chains

In this section a new ranking approach is proposed. The starting point is the true
network chain P which typically has transient states and several ergodic classes. Per
transient state and ergodic class a ranking is obtained which is then combined to obtain
an overall or personalized ranking via v.

Before developing a new ranking methodology we will first inspect the properties
of Google PageRank. Theorem 7.1 provides the limit of ΠPd as the damping factor d
tends to 1 or 0. For d ↑ 1 a similar result was obtained in Proposition 1 from [22] using
perturbation analysis.
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Theorem 7.1.
lim
d↑1

ΠPd = 1v>ΠP and lim
d↓0

ΠPd = 1v>.

Proof. Observing that (dP + (1− d)1v>)1v> = 1v> it follows for finite n ∈ N that

(Pd)n = (dP )n + (1− d)1v>
n−1∑
k=0

(dP )k

and thus for d ∈ [0, 1)

ΠPd = lim
n→∞

(Pd)n = 1v>(1− d)
∞∑
k=0

(dP )k. (7.3)

The expression on the RHS of (7.3) is known as resolvent of P , see for example Theorem
1.5 from [111], and it holds that

lim
d↑1

(1− d)
∞∑
k=0

(dP )k = ΠP ,

see also (5.1) from Chapter 5. Inserting the above limit into (7.3) yields limd↑1 ΠPd =
1v>ΠP . The other limit result follows directly from (7.3).

Theorem 7.1 leads to the following corollary which uncovers the singularity of the
ergodic projector for Pd at d = 1, in this respect see also [22].

Corollary 7.1. For P uni-chain limd↑1 ΠPd = ΠP , but for multi-chain P it holds

lim
d↑1

ΠPd 6= ΠP .

In the Google PageRank literature it is often argued that d near 1 provides a ranking
most close to the true network structure, see, e.g., [129, 130]. It is worth noting that, in
light of Theorem 7.1, such a ranking is given by a v-based convex mixture of the rows of
the multi-chain ΠP . By the characteristic form of ΠP , see (5.3), such a ranking for d ↑ 1
will assign zero score to all transient states. Consequently, no distinction can be made
between transient states. On the other hand, d close to 0 leads to a ranking based on v
and almost independent of P . Standard literature advises to let d = 0.85. This choice
ensures that i) Pd is an aperiodic Markov uni-chain, and that ii) a relative large portion
of P is taken into account. The choice of d has impact on the resulting ranking, see for
example [43], especially on the subtop of the ranked sites which by the implementation
of PageRank in Google’s search engine may have significant consequences, see, e.g.,
[71, 129, 43]. The following simple example illustrates this.

Example 7.1. Consider S = 4 states with digraph:

1 2 3 4
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πPd(3) = πPd(4)

Fig. 7.1: Plot of π>Pd(u), d ∈ [0, 1], for Example 7.1.

and consider personalization vector v = u. Node 1 is a dangling node and we adjust
the graph by inserting a selfloop at node 1. This gives the following adjacency matrix
A and bored random surfer transition matrix Pd, respectively,

A =


1 0 0 0
1 0 1 1
0 1 0 0
0 1 0 0

 and Pd =



1+3d
4

1−d
4

1−d
4

1−d
4

3+d
12

1−d
4

3+d
12

3+d
12

1−d
4

1+d
4

1−d
4

1+d
4

1−d
4

1+3d
4

1−d
4

1−d
4

 .

It holds for d ∈ [0, 1] that

π>Pd =
[

3+d
4(3−2d2)

3(2d2−d−1)
4(2d2−3)

(1−d)(3+d)
4(3−2d2)

(1−d)(3+d)
4(3−2d2)

]
,

which is plotted in Fig. 7.1.
Fig. 7.1 shows that increasing d ultimately leads to less mass for the transient states

compared to the ergodic state. Furthermore, it illustrates that different values of d
lead to different rankings. In particular, for d ∈ (0.35, 1] state 1 is ranked first while
intuitively looking at the in-degrees, state 2 is the authority and should be ranked first.

C

Although Example 7.1 is simple, the principle findings can be generalized to more
realistic graphs. The key observation is that in choosing d a trade-off is made between
the relative importance of the different classes of the reducible Markov multi-chain,
a feature that best to the author’s knowledge is underexposed in Google PageRank
literature. In particular, the choice of d has significant impact on the ranking of transient
states compared to the ergodic states. The key idea to obtain more robust rankings
is to consider scores inside the ergodic classes and per transient state separately, and
afterwards combining the scores for an overall or personalized ranking. Even though no
perfect ranking exists as was proven by Arrow’s impossibility theorem, [132], we believe
that taking the Markov chain structure into account yields intuitive better rankings.
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Ranking transients states via the random surfer model in ergodicity is insufficient,
see also (5.3). Therefore the transient process is taken into account to obtain a transient
states ranking. In particular, the following random walk ranking-philosophy for transient
states is adopted: relative more visits of the random surfer to a transient state before
leaving the transient part imply higher state importance. For a given personalization
vector on the transient part, e.g., v>TT , one can obtain via DPTT the expected number
of visits to the transient states before leaving the transient part (see also the end of
Section 7.1). Normalizing this vector gives score to the transient states. In particular,
r(v>TTdg(DPTT1)−1DPTT ) provides a ranking of transient states, where dg(DPTT1) is a
zeros matrix with on the diagonal vector DPTT1.

After scores are obtained for the ergodic classes and transient states separately, the
random walk model allows to account for the links from the transient part to the ergodic
part. However, since there are only directed edges from transient states to ergodic
classes, the random walk model has to be adjusted. The following aspects should be
captured by the extended random walk model:

• The sizes of the connected components (majority aspect).

• An ergodic state that can be reached from the transient part should receive a
better score, especially when an important transient state is pointing towards the
ergodic state.

• The weight transfer from transient states to ergodic states should depend on the
stay duration inside the transient part. In particular, longer stay duration should
lead to less score transfer and vice versa.

In the following we provide a ranking approach satisfying the above aspects. We
will name this specific ranking approach the generalized ranking (GR). Later on, we will
show via Theorem 7.2 that the construction of the model has nice analytical features.
The GR is obtained as follows.

Generalized Ranking (GR):
Step 1: Uncover the Markov chain structure (i.e., identify ergodic classes and transient
states), and calculate ΠP and DPTT (or approximate directly using techniques from
Chapter 5 and Chapter 6 which will be illustrated later on).
Step 2: Compute the extended ergodic projector

Π̃P =



Π1 0 · · · 0
0 Π2

. . . ...
... . . . . . . 0
0 · · · 0 ΠE

0

dg(β)W (I − dg(β))V


(7.4)

where β is a vector for which

βi = (DPTT (i, ·)1 + 1)−1

for every transient state i,
V = dg(DPTT1)−1DPTT ,
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and
W = DPTT [PT1 PT2 · · · PTE].

Step 3: Choose v (with possible zero values) and return ranking rGR := r(v>Π̃P ).

Note that in the random walk model β−1
i − 1 equals the expected number of steps

in the transient part before entering an ergodic state when starting in transient state
i. Stochastic matrix V provides a ranking per transient state, see also the previous
discussion. Given transient state i and ergodic state j, W (i, j) is the probability that
the random walk reaches ergodic state j starting from transient state i when leaving
the transient part for the first time.

Choosing v = u, where u denotes a uniform distribution, gives an unprejudiced
ranking r(u>Π̃P ). The idea behind this ranking is that with a uniform stochastic vector
u large connected classes receive more weight than smaller connected classes, which
seems justified from a majority perspective: e.g., dangling nodes (i.e., absorbing states)
are factored by weight 1/S while an ergodic class consisting of n > 1 states gets weight
n/S. This way the majority class of n states gets more impact. Similar considerations
were carried out in [22]. In the case of personalization vector v, ranking r(v>Π̃P )
prioritizes states from the preferred communicating components of the network.

In the following we provide a detailed analysis of GR. As a first step we define per
transient state j Markov chain P ?

j that behaves on the transient states just like P but
the chain jumps back to the transient state j after an ergodic state is reached. The
precise definition is provided below.

Definition 7.1. For transient state j let

P ?
j =

 0 1I(j, ·)

PT1 PT2 · · · PTE PTT

 .
Lemma 7.1 provides an ergodicity property of P ?

j .

Lemma 7.1. Given transient state j, Markov chain with P ?
j converges to a unique

stationary distribution.

Proof. By construction, the set of transient and ergodic states that can be reached
from j forms a communicating class, and this class has a unique stationary distribution
according to the Perron-Frobenius theorem. Further, all remaining transient states will
eventually lead to an ergodic state which in turn will lead to the communicating class,
i.e., these states in the artificial Markov chain become transient.

Elaborating on Lemma 7.1, Theorem 7.2 provides an ergodic interpretation of Π̃P .

Theorem 7.2. It holds for Π̃P that:

• Π̃P is a stochastic matrix.

• For every ergodic state i: Π̃P (i, ·) is the unique stationary distribution inside the
corresponding ergodic class.

• For every transient state j: Π̃P (j, ·) is the unique stationary distribution of P ?
j .
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Proof. The first statement follows directly from construction since V and W are both
stochastic matrices. The second statement readily follows since the first quadrant of
Π̃P coincides with that of ΠP . Lastly, because of the first statement and Lemma 7.1,
proving that for transient state j

Π̃P (j, ·)(P ?
j ) = Π̃P (j, ·) (7.5)

proves that Π̃P (j, ·) is the unique stationary distribution of P ?
j (third statement).

In particular, multiplying the LHS of (7.5) with (1− βj)−1 and rewriting gives

(1− βj)−1Π̃P (j, ·)(P ?
j )

=
[
(1− βj)−1βjW (j, ·) | V (j, ·)

]
(P ?

j )

=

V (j, ·) [PT1 PT2 · · · PTE]︸ ︷︷ ︸
(i)

∣∣∣∣∣∣∣∣ V (j, ·)P j−
TT︸ ︷︷ ︸

(ii)

(1− βj)−1βjW (j, ·)1 + V (j, ·)PTT (·, j)︸ ︷︷ ︸
(iii)

V (j, ·)P j+
TT︸ ︷︷ ︸

(ii)

 ,
where P j−

TT denotes matrix PTT left of column j and, vice versa, P j+
TT denotes matrix

PTT right of column j. Specifically,

P j−
TT = [PTT (·, 1) PTT (·, 2) · · · PTT (·, j − 1)]

and
P j+
TT = [PTT (·, j + 1) PTT (·, j + 2) · · · PTT (·, S)] .

We will prove (7.5) stepwise by showing that the three parts (i), (ii), (iii) indicated
above equal (1 − βj)−1Π̃P (j, ·). Note that in case j = 1, P j−

TT from part (ii) logically
does not apply just as P j+

TT from part (ii) does not apply when j = S.
Since V (j, ·) = (1/βj − 1)−1DPTT (j, ·) (by definition) it holds for (i) that

V (j, ·) [PT1 PT2 · · · PTE] = (1/βj − 1)−1W (j, ·)
= (1− βj)−1βjW (j, ·).

For an arbitrary transient state k 6= j, we will show that V (j, ·)PTT (·, k) = V (j, k)
thereby showing that (7.5) holds for both parts (ii). It holds that

V (j, ·)PTT (·, k) = (1/βj − 1)−1DPTT (j, ·)PTT (·, k)

= (1/βj − 1)−1
∞∑
n=1

(PTT )n(j, k)

= (1/βj − 1)−1DPTT (j, k)
= V (j, k)

where we used in the second equation that

(PTT )n(j, k) = (PTT )n−1(j, ·)PTT (·, k),
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for n ∈ N, and the third equation follows because

(PTT )0(j, k) = I(j, k) = 0, for j 6= k.

Lastly, for part (iii) it should be proven that it equals V (j, j):

(iii) = (1− βj)−1βjW (j, ·)1 + V (j, ·)PTT (·, j)
= (1− βj)−1βjDPTT (j, ·)(I − PTT )1 + V (j, ·)PTT (·, j)
= (1− βj)−1βj + (1/βj − 1)−1DPTT (j, ·)PTT (·, j)
= (1− βj)−1βj + (1/βj − 1)−1(DPTT (j, j)− 1)
= (1− βj)−1βj + V (j, j)− (1/βj − 1)−1

= V (j, j),

where we used in the second equation that [PT1 PT2 · · · PTE] 1 = 1 − PTT1 (rows P
sum up to 1) and in the third equation we used that DPTT (j, ·)(I − PTT ) = I(j, ·). In
the third and fifth equations we again used that V (j, ·) = (1/βj − 1)−1DPTT (j, ·).

The extended ergodic projector has the following interpretation. The stochastic
matrix Π̃P provides the stationary distributions for the ergodic classes and that of the
Markov chains constructed for the transient states, which model a random walk on
the transient states that restarts at the specific transient state after an ergodic state is
reached. Eventually, all scores can be uniformly combined to obtain an unprejudiced
ranking, or a personalization vector v can be used for a personalized ranking.

With respect to the computation of Π̃P it is worth noting that the modified resolvent
techniques from Chapter 5 and Chapter 6 can be incorporated to allow for efficient
numerical evaluation of Π̃P without having to uncover the multi-chain structure first.
In particular, in the same vein as in Subsection 5.4.3 of Chapter 5 we define Ej as
the set of indices identified as part of the j-th ergodic class, E denotes the number of
identified ergodic classes, and C denotes the set of considered/evaluated indices. The
user-defined value to decide whether a state is ergodic or not is denoted by ι, with
ι > 0. The modified resolvent approximation procedure for Π̃P can then be sketched as
follows.

(1) Choose ι > 0 and α ∈ (0, 1) both small.

(2) Initialize E = 0 and C = ∅.

(3) If S \ C 6= ∅:

(3.1) Select i ∈ S \ C.
(3.2) Calculate Hα(P )(i, ·) and set Π̃P (i, ·) = Hα(P )(i, ·).

Otherwise go to step 6.

(4) If Hα(P )(i, i) > ι:

(4.1) State i is identified as ergodic, set E = E + 1.
(4.2) EE = {j ∈ S : Hα(P )(i, j) > ι}.
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(4.3) Set Π̃P (j, ·) = Hα(P )(i, ·), ∀j ∈ EE.
(4.4) C = C ∪ EE.

Otherwise i is identified as transient, set C = C ∪ {i}.

(5) Return to step 3.

(6) Calculate Dα(PTT ) = (I −Hα(PTT ))
(
I + 1−α

α
Hα(PTT )

)
.

(7) Determine parts β, V and W from (7.4) and return Π̃P .

Note that at step (6) all rows of Hα(P ) for the transient states are calculated (for
a carefully chosen ι) so that Hα(PTT ) is also known at this stage. For a discussion
regarding the choice of ι and α see Chapter 5.

The following example illustrates GR.
Example 7.2. Consider the following 15 states digraph consisting of two ergodic classes
of 5 and 4 states, denoted with E1 and E2, respectively, and one transient class of 6
states denoted with T :

t1

t2

t3

t4

t5

t6

e1

e2e3

e4 e5

e′1

e′2

e′3

e′4

The ergodic states from ergodic class E1 are denoted by e1, e2, . . . , e5, those of ergodic
class E2 by e′1, e′2, e′3, e′4 and the transient states from T by t1, t2, . . . , t6.

The following rankings can be obtained:
Google PageRank (GP): Ranking rGP = r(π>P0.85(u)), i.e., with v = u (uniform distribu-

tion), equals
e1, e

′
1, t1, e2, e

′
2, e3, e

′
3, e4, e

′
4, e5, {t2, t3, . . . , t6},

where order a, b means that a is ranked higher than b, and brackets {·} indicates
indifference. Further, for d tending to 1 rGP = r(u>ΠP ), see also Theorem 7.1,
gives

e1, e
′
1, e2, e

′
2, e3, e

′
3, e4, e

′
4, e5, {t1, t2, . . . , t6},

since the transient states get zero mass.

Generalized ranking (GR): Ranking rGR = r(u>Π̃P ) equals

t1, e1, e
′
1, e2, e

′
2, e3, e

′
3, t6, e4, {t2, t3, . . . , t5}, e′4, e5.

If a personalization (stochastic) vector v applies with mass 0.8 to e′2 and 0.2 to t4
it leads to ranking r(v>Π̃P ):

e′1, e
′
2, e
′
3, e
′
4, t1, t4, {t2, t3, t5, t6}, e1, {e2, e3, e4, e5}

showing that a personalized ranking is returned.
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Fig. 7.2: A plot of the adjacency matrix of the Wikivote data.

The above results show that GP undervalues transient states. Intuitively, more satisfying
rankings are obtained via GR. More specifically, GP ranks t1 below e′1 whereas t1 is an
“authority” in the transient part and has in-degree 5 while e′1 is relatively less popular in
E2 and has in-degree 4, which demonstrates that the reverse order is more appropriate.
Similar it can be argued that t1 should be ranked above e1. C

7.3 Real-Life Numerical Example

In this section the new ranking approach GR is applied to the Wikipedia vote network
dataset as given by [134]. Wikipedia is an online free encyclopedia written collabo-
ratively by volunteers around the world. A small part of Wikipedia contributors are
administrators, who are users with access to additional technical features that aid in
maintenance. In order for a user to become an administrator a request for adminship is
issued and the Wikipedia community via a public discussion or a vote decides who to
promote to adminship.

Nodes in the vote network represent Wikipedia users and a directed edge from
node i to node j indicates that user i voted for user j. There are 7115 nodes (users)
and 103689 edges (votes). The major strongly connected component consists of 1300
transient states and there are 1005 absorbing states (ergodic states). A spy plot of the
adjacency matrix (i.e., a plot of all votes) of the vote network can be found in Figure 7.2.
For the numerical results we use the modified resolvent approximation procedure for
the extended ergodic projector of the associated Markov, see also Section 7.2.

Our numerical findings are presented in Table 7.1 and Table 7.2. It shows the top 5
ranking for the ergodic and transient states, respectively, for the two ranking methods:
GP with d = 0.85 (which is the advised value for d in literature) and GR both for
personalization vector v = u. Per method the top 5 indices are provided in logical order.
The two numbers in brackets provide the score of the index and its overall ranking. The
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sum of the absolute difference between the GP and GR score vectors is 0.64 (note that
this value ranges from 0 to 2).

The main observation is that GP significantly favours ergodic states above transient
states compared to GR. E.g., the highest GP ranked transient state, i.e., state 3650, is
ranked 56 while GR ranks the same transient state as third. The in-degree of state 3650
is 457 with 1>P (·, 3650) ≈ 68, while ergodic state 2270, i.e., the 2nd ranked state by GP,
has in-degree 150 and 1>P (·, 2270) ≈ 44. It thus is questionable whether this ranking
gap is reasonable. Furthermore, the preference of ergodic states by GP compared to GR
follows from Figure 7.3 which plots the score vectors of GP versus GR. Particularly, a
distinction is made between transient and ergodic states in Figure 7.3 by using dots and
crosses, respectively. Moreover, Figure 7.3 shows that GR mixes transient and ergodic
states in the ranking. In particular, the top 10 ranking of GR consists of 4 transient
states and 6 ergodic states and it holds that:
• 97% of the top 100 of GP are ergodic states.

• 44% of the top 100 of GR are ergodic states.
These results can be made more apparent by looking at the vote network where the

node sizes are based on the weights given by the different ranking schemes. Particularly,
more weight means larger nodes and vice versa. Moreover, the ergodic states are
indicated by green nodes and placed on the left side of the network and the transient
states are red nodes and placed on the right side of the network. The voting networks
in which node sizes are based on GP and GR can be found in Figure 7.4 and Figure 7.5,
respectively. The node sizes clearly show that GP significantly gives more weight to
ergodic states than to transient states compared to GR.

In order to get more insight into the question whether this is reasonable or not the
vote network with node sizes based on in-degrees is shown in Figure 7.6 (i.e., node sizes
based on the number of votes Wikipedia users get). Figure 7.6 shows that there is a
lot of voting going on among transient states and in fact the Wikipedia users with the
most votes are transient. This clearly indicates that intuitively GP tends to undervalue
transient states, while the weight distribution provided by GR seems to give a better
weight-balance between ergodic and transient states. I would like to emphasize that
other than rankings based on in-degrees, GR also takes long-term dynamics into account
similar as GP.

So overall, the results illustrate a similar pattern with respect to the ranking as was
observed for Example 7.2 from the previous section. Again, GR seems to give more
appropriate importance weight to the transient states compared to the GP, which seems
intuitively appealing.

7.4 Conclusion

This chapter introduces the extended ergodic projector for general Markov chains. The
extended ergodic projector allows to extend the classical Google PageRank to rank
transient nodes in a more structural way. In particular, it is shown how the modified
resolvent techniques from Chapter 5 and Chapter 6 can be incorporated for efficient
approximation of the new ranking. Numerical experiments illustrate the difference in
ranking obtained by the new approach. Further research will extend our results to the
control of social networks.
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Ranking Approach Top 5: index (score, overall ranking)
2411 (9.14E−3, #1)
2270 (7.03E−3, #2)

GP (d = 0.85 & v = u) 6538 (6.04E−3, #3)
1087 (5.67E−3, #4)
6585 (5.38E−3, #5)
2411 (3.89E−3, #1)
2270 (3.41E−3, #4)

GR (v = u) 1087 (2.79E−3, #6)
6538 (2.52E−3, #8)
4366 (2.33E−3, #9)

Tab. 7.1: Top 5 rankings of ergodic states for the WikiVote dataset.

Ranking Approach Top 5: index (score, overall ranking)
3650 (1.92E−3, #56)
13 (1.54E−3, #85)

GP (d = 0.85 & v = u) 5807 (1.50E−3, #92)
2205 (1.09E−3, #174)
2057 (1.04E−3, #188)
5807 (3.87E−3, #2)
3650 (3.82E−3, #3)

GR (v = u) 13 (3.24E−3, #5)
2205 (2.52E−3, #7)
6059 (2.03E−3, #15)

Tab. 7.2: Top 5 rankings of transient states for the WikiVote dataset.
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Fig. 7.3: For every ergodic state i: • plots (πP0.85(u)(i), (u>Π̃P )(i)). For every transient
state j: × plots (πP0.85(u)(j), (u>Π̃P )(j)).
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Fig. 7.4: Wikipedia vote network where node sizes are based on GP scores.

Fig. 7.5: Wikipedia vote network where node sizes are based on GR scores.
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Fig. 7.6: Wikipedia vote network where node sizes are based on in-degrees.
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